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Introduction
Empirical factor demand analysis typically involves making a choice from among several competing non-nested functional forms. Each of the commonly used factor demand systems, such as Translog, Generalized Leontief, Quadratic and Symmetric Generalized McFadden, can provide a valid and useful empirical description of the underlying production structure of the multi-input neoclassical firm. A common feature of flexible functional forms is that they are non-nested (or separate). Thus, given two or more systems of factor demands, it is not possible to obtain one system by imposing suitable parametric restrictions on the other(s). Moreover, as there is no a priori theory suggesting that the specification of one system should be preferred over another, it is necessary to choose from among the competing models using empirical considerations.
The important task of model determination can be accomplished using a formal non-nested testing procedure. Paired and joint univariate non-nested tests of a null model against both single and multiple alternatives have been discussed at length in the literature. However, virtually no attention has been paid to either paired or joint multivariate non-nested tests. This paper shows how some multivariate non-nested tests can be derived from their univariate counterparts, and examines how to use these tests empirically to compare alternative factor demand systems.
As the outcome of a non-nested test is influenced by the type of misspecification affecting the competing models, it is essential to investigate the performance of each factor demand system against real data. The empirical application presented is very popular in the applied production literature, and contains annual data on aggregate output of U.S. manufacturing industries, and prices and quantities for a capital-labour-energy-materials (KLEM) technology over the period (see Berndt and Khaled, 1979) . A statistically adequate empirical specification is determined for each competing factor demand system. Estimation results and some diagnostic statistics are presented for each factor demand system, and each is used to calculate some classical indicators of the production structure of an economic sector, such as price and output elasticities. The systems are then compared on the basis of multivariate paired and joint non-nested testing procedures. Finally, the empirical results are interpreted for each system, and some practical issues regarding model selection and testing of systems of equations in applied research are discussed. This paper is organized as follows. In Section 2, alternative factor demand systems are presented using some of the most popular flexible functional forms, namely Translog, Quadratic, Generalized Leontief and Symmetric Generalized McFadden (for further details, see Diewert and Wales, 1987) .
In Section 3, multivariate extensions of some well-known and pedagogically appealing univariate paired non-nested tests (namely, the J, P0 and P1 tests of Davidson and MacKinnon, 1981 ; the PE statistic of MacKinnon, White and Davidson, 1983; and the Bera and McAleer (1989) test, hereafter the BEM test), and the multivariate joint non-nested test of Barten and McAleer (1997) , hereafter the BAM test, are described. Section 4 reports the main empirical results from estimation and diagnostic testing of the competing factor demand systems. Estimated price and output elasticities from each model are also presented. In Section 5, multivariate paired and joint non-nested tests are applied to compare the alternative factor demand systems. The empirical results are interpreted for each system. Section 6 provides some concluding comments.
Alternative factor demand systems
In this section attention is focused on the four most widely used flexible functional forms in the context of cost function estimation: Translog, Quadratic, Symmetric Generalized McFadden and Generalized Leontief. As is customary in applied factor demand analysis, the cross-equation symmetry restrictions are maintained for each model. Several techniques are available for imposing the appropriate curvature conditions on the cost function (see Morey, 1986) . In this paper, we have left unconstrained the matrix of second-order partial derivatives of the cost function with respect to factor prices in each model, and have checked ex post if the negative semi-definiteness of the Hessian of the cost function is satisfied over the sample period.
Consider the following specification for the logarithm of the firm's cost function C(·): where P i indicates the price of the i-th input (i,j=1,...,n), Y is output, t=1,...,T is a time trend, and the symmetry condition α ij =α ji for all i,j, is imposed. Necessary and sufficient conditions for C(·) to be linearly homogeneous in input prices are given by:
By using the Translog specification (2.1) and Shephard's lemma, the following expressions for the input shares are obtained (see Berndt and Christensen, 1973, p. 85) :
with α ij =α ji for all i,j=1,…,n.
The Quadratic second-order approximation to the firm's true cost function can be defined as follows: with α ij =α ji for all i,j=1,...,n. A direct application of Shephard's lemma yields the system of factor demands:
(2.5)
The major drawback of the Quadratic functional form is that linear homogeneity restrictions in prices cannot be imposed parametrically, which means that the cost function under linear homogeneity in factor prices has to be respecified and a new separate demand system obtained.
When linear homogeneity in prices is imposed, the cost function and the related factor demands have the following forms: (i=2,...,n).
(2.7)
Consider the following functional form for a cost function, with the usual symmetry conditions imposed: The cost function defined by expression (2.8) is a generalization of the functional form due to McFadden (1978, p. 279) , as suggested by Diewert and Wales (1987, p. 53) . It should be noted that the σ ij parameters have to sum to zero in order to identify all the coefficients in expression (2.8).
The related system of Symmetric Generalized McFadden factor demands can be derived: (
The traditional Generalized Leontief cost function is a functional form in the square roots of input prices. In this paper, we consider the following version:
where α ij =α ji for all i,j is a maintained hypothesis. The system of factor demands is derived from (2.10), as follows:
(2.11)
Alternative non-nested testing procedures
This section presents some alternative non-nested testing procedures for competing systems of equations. In particular, modifications of the paired J, P0, P1, PE and BEM tests are presented as extensions of the corresponding univariate statistics.
Multivariate paired non-nested tests
Some variants of both the J and the P tests (see Davidson and MacKinnon, 1981; MacKinnon, White and Davidson, 1983 ) may be applied to the case of multivariate regression models. For this purpose, the null and the alternative hypotheses are given as:
and H 1 :
where i denotes equation i=1,...,n, in a system of equations, u 0 and u 1 are distributed as N(0,Ω 0 ) and N(0,Ω 1 ), respectively, and Ω j is the contemporaneous covariance matrix of the error term corresponding to hypothesis H j , j=0,1. Equations (3.1) and (3.2) are multivariate, non-simultaneous models, such as factor demand systems or systems of cost share equations.
A straightforward extension of the J test to a multivariate context is based on the following auxiliary equation: 
is the row vector of derivatives of f i (·) with respect to a i evaluated at i â and
Under H 0 the vector u i is distributed as N(0,Ω 0 ), so that model (3.4) must be estimated by a systems generalized least squares procedure using a covariance matrix which is proportional to 0 Ω . The Wald test of λ 1 =…=λ n =0 is the multivariate extension of Davidson and MacKinnon's P0 test. They also propose the following auxiliary regression equation:
where the variables are defined using the same notation as above. The Wald test of λ 1 =…=λ n =0 is the multivariate extension of Davidson and MacKinnon's P1 test.
The multivariate analogue of the PE test for models with dependent variables subject to different transformations is given by the following auxiliary regression equation:
where the variables are defined as in the extension of the P test.
The BEM approach (see Bera and McAleer, 1989) can be readily adapted to the multivariate case.
Let the null and the alternative hypotheses be given by expressions (3.1) and
where h i (·) is a known transformation of y i , and u 0i and u 1i are NID(0,σ 2 0 I T ) and NID(0,σ 2 1 I T ), respectively. Combining the disturbances u 0i and u 1i linearly, with weights (1-λ i ) and λ i , yields:
where u i is NID under both H 0 : λ i =0 and H 1 : λ i =1. Dividing expression (3.7) by (1-λ i ) gives:
where θ 0i = -λ i /(1-λ i ), while dividing (3.7) by λ i gives: Third, the models given by:
are estimated to obtain the residuals i 1 η and i 0 η , respectively. Finally, the models given by: for H 1 in (3.13), respectively.
Multivariate joint non-nested tests
The test procedures considered so far belong to the class of multivariate paired non-nested tests, whose common feature is that the null hypothesis is tested against a specific non-nested alternative, after which the roles of null and alternative are reversed. Recently, some univariate tests have been proposed in the literature in which the null hypothesis is tested against several alternatives simultaneously, leading to joint tests. This section concentrates on the multivariate version of one of these procedures, namely the BAM test of Barten and McAleer (1997) .
Consider m non-nested non-linear systems of equations with different non-linear data transformations on the dependent variable y i , i=1,…n, as follows:
where u ji is NID(0,σ 2 ji ) for j=1,…m. Suppose that H 1 is, in the first instance, chosen as the null hypothesis. It is then possible to combine the disturbances in (3.14) as follows:
( 3.15) Under the null hypothesis H 1 :
, (3.15) can be rewritten as:
λ . 
where i b 1 is the generalized least squares estimate of b 1i under the null hypothesis H 1 . It is worth noting that i y 1 under H 1 is asymptotically uncorrelated with u 1i , and hence with v i . Second, estimate the auxiliary system:
where ji b 1 are the generalized least squares estimates of b ji from (3.18) and g ji (·) includes an intercept term. Third, use the residuals in (3.19) to compute the following modification of (3.16): 
Empirical evidence on factor demand systems
In order to illustrate the usefulness of the non-nested tests presented above, the systems of factor demands introduced in Section 2 are estimated using Berndt and Khaled's (1979) When output quantity and input prices are exogenous, the dual cost function can be written as:
where C(·) represents total input costs, P i , i=K,L,E,M, are the factor prices, and t is an index of technical progress.
For purposes of empirical implementation, the existence of random errors in the cost minimizing behaviour of the firm is such that each equation in each demand system has an additive disturbance term which reflects the firm's errors in deciding the optimal level of inputs. First-order serial correlation for each system is accommodated using a Cochrane-Orcutt transformation for each equation (see, e.g., Berndt, 1991, pp. 476-9) . The estimated single-equation serial correlation coefficients have been used to estimate the system.
The Translog system (TLG) comprises the cost equation (4.1) specified by the functional form (2.1), and the three share equations (2.3) for labour, energy and materials, in addition to the linear homogeneity restrictions (2.2) and symmetry conditions. It is well known that only n-1 share equations are estimated because the four cost shares (2.3) sum to unity, so that the sum of the disturbances across the four equations is zero for each observation. Consequently, the covariance matrix is singular and non-diagonal (Berndt and Wood, 1975, p. 261) . The disturbance from the Sh k equation is omitted and the vector u comprising the disturbances of the remaining share equations and the cost function is specified as a multivariate normal distribution with E(u)=0 and E(uu')=Ω,
where Ω is constant over time (Diewert and Wales, 1987, p. 58) .
The Quadratic demand system is given by the cost equation (4.1), specified by equation (2.6) and
the three demand equations (2.7) for labour, energy and materials. As already noted, the reason for excluding the capital equation is that, since linear homogeneity in prices cannot be imposed parametrically, a normalization with respect to an arbitrarily chosen factor price is required. QDR denotes the Quadratic demand system with linear homogeneity in prices imposed, NHQDR1 denotes the same system with non-homogeneity, that is, when linear homogeneity in prices is not imposed, and NHQDR denotes the Quadratic demand system formed from the four demand equations for capital, labour, energy and materials without imposing linear homogeneity in prices.
Finally, the Symmetric Generalized McFadden demand system (SGM) is formed from the four equations (2.9), and the Generalized Leontief model (GLT) is given by equation (2.11). In both the SGM and GLT specifications, the dependent variables are input levels divided by output, as this makes the assumption of homoskedasticity of the disturbances more plausible. The cost function is not estimated since it does not contain any additional information.
The main characteristics of the factor demand systems used in the empirical application are summarized in Table 1 . All systems are estimated with the multivariate least squares routine Lsq implemented in Tsp 4.4 (for details, see Hall, Cummins and Schnake, 1997) . Linear disembodied technical change is accommodated by the presence of linear and quadratic trends in the estimated equations. The estimated parameters are reported in Appendix 1, and Appendix 2 shows the results of some diagnostic statistics for the estimated models.
[ Table 1 , Appendix 1 and Appendix 2]
In particular, Appendix 2 indicates the absence of both first-order serial correlation and heteroskedasticity, and that the curvature properties of the firm's cost function are satisfied for each functional form.
Factor demand systems are typically used to calculate indicators which can be useful for describing the production structure of an economic sector. For each estimated model, Appendix 3 reports the mean values of input demand elasticities with respect to input prices and output over the period 1948-1971.
[Appendix 3]
The magnitudes and signs of these elasticities depend crucially on the selected model. This is particularly true for the price elasticities of capital, which are roughly comparable for GLT, SGM, NHQDR and TLG, but appear quite different for NHQDR1 and QDR, that is, for the Quadratic functional form where the demand for capital is not directly estimated. In general, direct price elasticities are negative and output elasticities are positive, as suggested by theory, and the crossprice elasticities are all below one in absolute value. From their signs, it is possible to obtain information about factor substitution and complementarity, which is also not independent of the functional form. For example, capital and energy are complements, according to GLT, NHQDR1, SGM and TLG, but substitutes on the basis of NHQDR and QDR. Capital and labour are substitutes for all models, except for NHQDR and NHQDR1. Labour and materials are complements according to only GLT, SGM and NHQDR1. Energy and materials are substitutes in all systems, with the exception of NHQDR1. Finally, materials and labour are complements for GLT, NHQDR1, SGM and TLG, whereas they are substitutes for NHQDR and QDR. In summary, all estimated systems seem to offer plausible interpretations of the production structure of the US manufacturing sector over the period 1948-1971, but the interpretations depend on the chosen specification. Systems QDR and NHQDR suggest the existence of substitution and complementarity relationships among the factors, which do not agree, in general, with the indications of the other models.
Empirical evidence on multivariate non-nested tests
Alternative factor demand systems based on competing non-nested flexible functional forms were estimated in Section 4. Each model was shown to be statistically adequate and to capture the relevant features of the data. In addition, the conclusions drawn in terms of price and output elasticities were not unique, and depended crucially on the chosen model. Thus, economic theory is of little assistance in discriminating among the competing models, and the empirical evidence suggests that the in-sample performance of each model is acceptable. Moreover, the choice of model has important implications for economic analysis. In this case, non-nested testing procedures can provide useful additional information. The factor demand systems of Sections 2 and 4 are compared in this section on the basis of the multivariate paired and joint non-nested tests illustrated in Section 3.
In distribution, where n is the number of equations in the system (in our case, n=4). The second version of the test is based on the condition that the coefficients of the squared fitted values in each equation are identical, and is a Wald test with a χ 2 (1) distribution. Rejection of the null hypothesis of correct model specification by the χ 2 (n)-RESET test is interpreted as misspecification of at least one equation of the system, but not necessarily of the whole system, whereas rejection of the null hypothesis by the χ 2 (1)-RESET test indicates that the system itself is misspecified.
[ Table 2 ]
The results show that NHQDR and NHQDR1 are rejected at the 1% significance level by both the χ 2 (4)-and χ 2 (1)-RESET tests, and QDR is rejected by both versions of the test, but at different levels of significance. Specification TLG is rejected at the 1% significance level by the χ 2 (4)-RESET test, but is not rejected by the χ 2 (1)-RESET test. This is a contradiction, since the test indicates that functional form misspecification affects a sub-set of the system, but that the system itself does not suffer from misspecification. Finally, GLT and SGM are rejected only at the 5% significance level and only by the χ 2 (4)-RESET test. Thus, the systems RESET tests are incapable of determining a single model which performs best, although NHQDR and NHQDR1 appear to be more problematic than the others. This last evidence is in line with the empirical results of Section 4. Table 3a shows the results obtained by comparing non-nested systems of equations with the same dependent variables, namely SGM and GLT on the one hand, and QDR and NHQDR1 on the other.
The three different paired non-nested tests used in the empirical application are the J, P0 and P1 tests, as discussed in Section 3, which are implemented according to equations (3.3), (3.4) and (3.5), respectively. Each test is presented in two versions, with the χ 2 (4)-version being based on the condition that the coefficients λ i (i=1,…,4) are different from each other, whereas the χ 2 (1)-version imposes the condition that λ 1 =…=λ 4 =λ. The interpretation of the non-nested tests is analogous to those of the systems RESET tests. Rejection of the null hypothesis of correct specification by the χ 2 (4)-test is interpreted as misspecification of at least one equation of the system, but not necessarily of the whole system, against the chosen non-nested alternative. Conversely, a rejection of the null hypothesis by the χ 2 (1)-test indicates that the system itself is rejected against its non-nested counterpart.
[ Table 3a ]
The SGM system is rejected against GLT at the 1% significance level by the χ 2 (4)-version of each of the J, P0 and P1 tests. Each non-nested test suggests that there is a problem in at least one equation of the SGM system when compared with its GLT counterpart. The empirical evidence is mixed when the χ 2 (1)-version of the test is considered as, in this case, SGM is rejected at the 1% level only by the P0 test, whereas the J test rejects SGM at the 5% level, and the P1 test suggests non-rejection of SGM. In particular, the P1 test denotes an inconsistency as the χ 2 (1)-version implies that SGM as a whole is correctly specified as compared with its GLT counterpart. When the roles of the null and alternative are reversed, GLT is rejected at the 5% level by the χ 2 (4)-version of the J and P0 tests, whereas the P1 test rejects GLT at the 1% level. The behaviour of the J and P1 tests is contradictory, as the χ 2 (1)-version of these tests suggests that there are no problems with the specification of the GLT system as a whole, whereas the χ 2 (1)-version of the P0 test rejects the null at the 5% level. In summary, the multivariate paired non-nested tests suggest that both the SGM and GLT specifications suffer from problems of misspecification.
In Table 3a , the second pair of competing models is given by QDR and NHQDR1. When QDR is the null hypothesis, it is strongly rejected by all three non-nested tests, under both the χ 2 (4)-and 6) ) and the BEM test (see equations (3.12) and (3.13)).
[ Table 3b ]
Both the χ 2 (4)-and χ 2 (1)-versions of the tests are presented. In general, all competing models are rejected by all tests, although there are a few interesting cases. When TLG and QDR are compared using the χ 2 (1)-version of the PE test neither is rejected. Moreover, the χ 2 (1)-version of both the PE and BEM tests is unable to reject TLG against the alternative system NHQDR1. One possible interpretation is that the χ 2 (1)-version of the test is too restrictive to detect specification problems which are likely to affect only a sub-set of each system. A similar comment applies in testing TLG against NHQDR1 using the χ 2 (1)-version of both the PE and BEM tests. systems. The χ 2 (4)-version is obtained when the following restrictions hold: λ 11 =λ 21 , λ 12 =λ 22 , λ 13 =λ 23 , λ 14 =λ 24 , with the same coefficient for the two non-nested alternatives across each of the four equations. The χ 2 (2)-version is given by the following restrictions: λ 11 =λ 12 =λ 13 =λ 14 , λ 21 =λ 22 =λ 23 =λ 24 , with the same coefficient for each equation across each of two non-nested alternatives. Finally, the χ 2 (1)-version of the BAM test is obtained by imposing the following restrictions: λ 11 =λ 21 =λ 12 =λ 22 =λ 13 =λ 23 =λ 14 =λ 24 =λ, with the same coefficient across four equations and two alternatives. Notice that the χ 2 (8)-and χ 2 (2)-versions do not impose restrictions across the alternative models, whereas the χ 2 (4)-and χ 2 (1)-versions do impose cross-alternative restrictions.
[ Tables 4a and 4b] In general, all three models are strongly rejected, regardless of which version of the test is used. As before, there are a few cases worth highlighting. When the χ 2 (2)-version of the BAM test is used, TLG is not rejected against NHQDR1 and QDR jointly. Thus, the two alternative systems, each considered as a whole, do not add useful information to the TLG null model as a whole. When the χ 2 (1)-version of the test is used, neither QDR nor TLG is rejected against the other two models jointly. In this case, the added information given by a linear combination of both equations and alternatives is empirically irrelevant. Finally, if the χ 2 (4)-version of the test is considered, the TLG system is rejected only at the 5% significance level, whereas all other models are rejected at the 1% level. In summary, these results suggest that the information contained in a linear combination of the corresponding equations across the two alternatives is statistically important in rejecting each model against two non-nested alternatives jointly, at least at the 5% level.
Conclusion
The key points of this paper can be summarized as follows. Alternative factor demand systems have been presented using some of the most popular flexible functional forms, namely Translog, Quadratic, Generalized Leontief and Symmetric Generalized McFadden. Each system has been estimated using Berndt and Khaled's (1979) classical annual data set for the U.S. manufacturing sector over the period 1947-1971. The important task of model determination has been accomplished using a formal non-nested testing procedure. Multivariate extensions of some wellknown and pedagogically appealing univariate paired non-nested tests (namely, the J, P0 and P1 tests of Davidson and MacKinnon, 1981 ; the PE statistic of MacKinnon, White and Davidson, 1983 ; and the Bera and McAleer (1989) ), and the multivariate joint non-nested test of Barten and McAleer (1997) , have been applied to compare alternative factor demand systems. Preliminary systems RESET tests for each competing model have also been reported. Systems RESET tests and multivariate paired non-nested tests were each presented in two versions, namely χ 2 (4) and χ 2 (1).
Four versions of the multivariate joint non-nested test were developed, namely χ 2 (8), χ 2 (4), χ 2 (2) and χ 2 (1).
The main results are as follows. Each model has been shown to be statistically adequate and to capture the relevant features of the data. In addition, the conclusions drawn in terms of price and output elasticities were not unique, and depended crucially on the chosen model. Systems RESET tests were incapable of determining a single model which performs best, although NHQDR and NHQDR1 appeared to be more problematic than the others. The multivariate paired extensions of the J, P0 and P1 tests suggested that both the SGM and GLT specifications suffered from problems of misspecification. When the same tests were used to compare QDR and NHQDR1, the results were interpreted as indirect evidence against the hypothesis of linear homogeneity in input prices.
Systems involving different dependent variables were compared using the multivariate non-nested PE and BEM tests. In general, all competing models were rejected by all tests, although there were a few interesting cases. When TLG and QDR were compared using the χ 2 (1)-version of the PE test, neither was rejected. Moreover, the χ 2 (1)-version of both the PE and BEM tests was unable to reject TLG against the alternative system NHQDR1. Finally, the multivariate joint BAM test was used to compare systems NHQDR, SGM and GLT. In general, the results suggested that the information contained in a linear combination of the corresponding equations across the two alternatives was statistically important in rejecting each model against two non-nested alternatives jointly. (4)) or identical (χ 2 (1)) across all equations; * denotes rejection of the null hypothesis of correct functional form at the 5% significance level; ** denotes rejection of the null hypothesis of correct functional form at the 1% significance level; Pvalues are given in parentheses. (i=c,k,l,e,m) values are computed as the squared correlation coefficients of actual and fitted values of the dependent variables for each equation; HET i are LM-type heteroskedasticity tests calculated by regressing the squared residuals on a constant term and the squared fitted values of the dependent variables for each equation; AR i are the serial correlation coefficients for each equation, namely the estimated coefficients of the regression of the residuals from each equation on their one-period lagged counterparts; NOB indicates the total number of observations; Concavity violations refer to the number of principal minors which do not satisfy the conditions for the Hessian matrix of the cost function to be negative semi-definite; P-values are given in parentheses. 
